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Optical response of finite-length metallic carbon nanotubes is calculated including effects of in-
duced edge charges in a self-consistent manner. The results show that the main resonance corre-
sponding to excitation of the fundamental plasmon mode with wave vector pi/l with l being the tube
length is quite robust and unaffected. This arises because the strong electric field associated with
edge charges is screened and decays rapidly inside the nanotube. For higher-frequency resonances,
the field starts to be mixed and tends to shift resonances to higher frequencies.
I. INTRODUCTION
Carbon nanotubes are a one-dimensional conductor
consisting of rolled graphite sheets.1 Usually a single-wall
carbon nanotube has a diameter of the order of a few nm
and a length of the order of several µm. Recently, cut-
ting and length selection of single-wall carbon nanotubes
became possible.2–10 In short nanotubes with good con-
ductivity, edge effects start to play important roles in
their electronic properties. The purpose of this paper is
to theoretically study low-frequency optical response in
metallic carbon nanotubes with finite length.
In optical response, induced charges associated with
optical transitions often play important roles. For exam-
ple, effects of an electric field induced by the polarization
of nanotubes are quite significant and tend to suppress
interband transitions for light with electric-field polariza-
tion perpendicular to the axis.11,12 However, strong exci-
ton effects due to the one-dimensional feature13,14 cause
reappearance of exciton peaks even in the presence of the
strong depolarization effect.15,16
For electric field parallel to the axis, this depolariza-
tion effect does not play a role and the absorption is
described by the usual dynamical conductivity. The dy-
namical conductivity in metallic nanotubes in the low-
frequency region was studied17,18 in relation to the ab-
sence of backscattering19–21 and the presence of a perfect
channel.22 In optical response of finite-length carbon nan-
otubes, often called antenna effects, accumulated charges
at both ends of nanotubes can become important even in
field parallel to the axis.
There have been several theoretical calculations on
light scattering by finite-length nanotubes in low-
frequency region. Direct analysis based on the integral
equations of electromagnetics was reported.23–25 Numer-
ical studies were reported on electromagnetic waves in a
planar nanotube array.26,27 An equivalent circuit model
with quantum capacitance and kinetic inductance was
considered.28
Recently, nanoscale antenna operation of a carbon nan-
otube array was experimentally demonstrated.29 Opti-
cal absorption in low-frequency (∼THz) region was re-
ported for nanotube bundles, where a sharp absorp-
tion peak was observed in aligned nanotubes but not in
sprayed samples.30 A broad absorption peak was also re-
ported, but attributed to a narrow gap in quasi-metallic
or narrow-gap nanotubes.31–33 Finite-length effects have
been considered in connection with various phenomena
such as Raman spectroscopy,34,35 pi plasmon absorpt-
ion,36 etc.
In this paper, we shall calculate optical response of
finite-length metallic nanotubes in much lower frequency
region than an inter-band transition. In §2, the method
to calculate the optical response is described and an
approximation based on excitation of a single plasmon
mode in an infinitely long nanotube is introduced. Nu-
merical results are presented in §3. A discussion and
summary are given in §4.
II. FORMULATION
A. Optical Response
We consider a carbon nanotube with a finite length l,
lying along the y direction in the range−l/2<y<+l/2.
Let Eext(y)e
−iωt be an external electric field of incident
light and E(y, ω)e−iωt be the effective electric field in-
cluding effects of polarization charges. The response of
the system can generally be described by a nonlocal con-
ductivity σ(y, y′).
Then, the induced current j(y)e−iωt is given by
j(y) =
∫
σ(y, y′)E(y′) dy′. (1)
The corresponding induced charge ρ(y)e−iωt is deter-
mined by the equation of continuity:
∂ρ
∂t
+
∂j
∂y
= 0, (2)
as
ρ(y) =
1
iω
∂
∂y
j(y) =
1
iω
∂
∂y
∫
dy′ σ(y, y′)E(y′). (3)
The corresponding scalar potential φ(y)e−iωt becomes
φ(y) =
∫
K(y−y′)ρ(y′)dy′, (4)
2where K(y) is the kernel of the Coulomb interaction for
cylindrical charge distribution,13,37–42 given by
K(y) =
∫
dq
2pi
K(q) eiqy, (5)
with
K(q) =
2
κ
I0(|q|R)K0(|q|R), (6)
where R is the diameter of the nanotube, κ is the static
dielectric constant of the environment, and In(t) and
Kn(t) are the modified Bessel function of the first and
second kind, respectively. The total electric field becomes
E(y) = Eext(y)+
1
iω
∫
dy′
∫
dy′′K ′(y−y′)σ(y′, y′′)E(y′′),
(7)
with
K ′(y−y′) = ∂
2
∂y∂y′
K(y−y′) =
∫
dq
2pi
K ′(q)eiq(y−y
′), (8)
where
K ′(q) = K(q)q2. (9)
The power absorption is given by
P =
1
2
Re
∫
dy j(y)E(y)∗
=
1
2
Re
∫
dy
∫
dy′E(y)∗σ(y, y′)E(y′). (10)
We consider the case that the length of the nanotube
is larger than the mean free path. In this case, we can
neglect effects of edges on the conductivity of the carbon
nanotube and replace the conductivity with
σ(y, y′) = θ0(y)θ0(y
′)σ(y−y′), (11)
where σ(y−y′) is the conductivity in infinitely long nan-
otubes and θ0(y) is unity well inside the nanotube and
should decay rapidly outside. The simplest choice is
θ0(y) = θ
[( l
2
)2
−y2
]
, (12)
where θ(t) is the step function defined by
θ(t) =
{
1 (t > 0);
0 (t < 0).
(13)
Actually, a nanotube has circumference L=2piR and the
field should be smoothed out over the distance of the
order of L. Therefore, we shall replace θ0(y) with
θ0(y) =
1
2
[
1−erf
( |y|− 12 l
ξ
)]
, (14)
with effective edge width ξ=L, where the error function
is defined by
erf(t) =
2√
pi
∫ t
0
e−t
2
dt. (15)
L
y = − l/2
y = + l/2l
d
FIG. 1: A schematic illustration of a finite-length nanotube
with length l. In actual numerical calculations, we shall con-
sider a periodic array with period d (d≫ l).
When the mean free path is much larger than the tube
length, discrete energy levels are formed because of quan-
tization of the electron motion and deviations from this
approximation may appear.
For simplicity, we consider the case that the Fermi level
lies in the linear band
ε = ±γ|k| = ±~vF|k|, (16)
where k is the electron wave-vector, vF = γ/~ is the
Fermi velocity, and γ =
√
3aγ0/2 with the lattice con-
stant a and the nearest-neighbor hopping integral γ0 in
graphene. Further, we shall employ a relaxation-time
approximation to calculate the Boltzmann conductivity,
which becomes an exact solution of the transport equa-
tion in the single-channel case. As shown in Appendix
A, we have the conductivity
σ(q, ω) = gvgs
e2γ
pi~2
(
−iω+1
τ
)[(
−iω+1
τ
)2
+(vFq)
2
]
−1
, (17)
where gv and gs are the degeneracy for the valley and
spin, respectively. The impurity and/or phonon scat-
tering are characterized by relaxation time τ , related to
mean free path Λ given by
Λ=vFτ. (18)
B. Periodic Array
For actual numerical calculations, we consider the ar-
ray with period d as illustrated in Fig. 1 and seek the
solution periodic with d. The electric field is expanded
into the Fourier series
E(y) =
∑
G
E(G) exp(iGy), (19)
with reciprocal lattice G= 2pij/d (j = 0,±1, · · · ). Then
the equation for the electric field becomes∑
G′
[
δG,G′− 1
iω
l
d
K ′(G)σ(G,G′)
]
E(G′) = Eext(G), (20)
3where
σ(G,G′) = l
∫
dq
2pi
σ(q, ω)θ0(G−q)θ0(G′−q)∗, (21)
and
θ0(q) =
1
l
∫
dy θ0(y) e
−iqy . (22)
In terms of the Fourier coefficients, the power absorption
of each nanotube is written as
P =
l
2
Re
∑
G
∑
G′
E(G)∗σ(G,G′)E(G′). (23)
Because K ′(q) increases in proportion to q for large q,
the convergence of the solution of Eq. (20) requires very
large values of G. This slow convergence corresponds to
the singular distribution of the electric field associated
with point-like polarization charges building up in the
vicinity of the end points of the nanotube. Actually, the
use of the nonlocal conductivity is quite effective in sup-
pressing this singular behavior, but is not essential for
determining resonance behavior particularly in the low
frequency region.
C. Single-Mode Approximation
Let us consider the case in a uniform external field,
i.e., Eext(y) = Eext, which is valid for light with wave-
length much larger than the tube length and polarized
in the y direction. Polarization charge is induced at the
ends of the finite length nanotube, as mentioned above.
This charge is regarded almost as a point charge and the
associated electric field decreases in proportion to 1/r2,
where r is the distance from the end point. In sufficiently
long nanotubes, therefore, the field due to this induced
charge is negligible in the most region of the nanotube
where the absorption mainly takes place. If we neglect
the presence of the ends, a single plasmon mode is in-
duced along the nanotube determined by the wave num-
ber corresponding to the frequency of the external field.
For such a long-wavelength mode, the response is essen-
tially determined by local conductivity σ(ω) ≡ σ(0, ω),
i.e., σ(y−y′) = σ(ω)δ(y−y′). Further, the main effect
caused by the presence of the edges on this mode is to
impose the boundary condition that the induced current
should vanish at the edges, leading to the vanishing elec-
tric field.
Let Qω be the wave number of such a mode domi-
nantly excited. Then, the electric field associated with
this “bulk” mode is approximately given by
E(y) ≈ E0[cos(Qωy)−cos(Qωl/2)], (24)
with appropriate coefficient E0. The second term in the
bracket arises from the boundary condition, E(±l/2)=0.
Approximately, we have∫
dy′
∫
dy′′K ′(y−y′)σ(y′, y′′)E0[cos(Qωy′′)−cos(Qωl/2)]
≈ K ′(Qω)σ(ω)E0 cos(Qωy). (25)
Thus, Eq. (7) gives two equations:
1− σ(ω)
iω
K ′(Qω) = 0,
− E0 cos(Qωl/2) = Eext. (26)
The second equation gives
E(y) ≈ Eext
(
1− cos(Qωy)
cos(Qωl/2)
)
. (27)
The first equation gives the mode frequency:
1− ω(Qω)
2
ω[ω+(i/τ)]
= 0, (28)
with
ω(Qω)
2 =
gvgse
2γ
pi~2
K ′(Qω). (29)
In the limit of an ideal nanotube τ→∞, we have Qω =
±Q with Q>0, satisfying
ω(Q)2 =
gvgse
2γ
pi~2
2
κ
K0(QR)I0(QR)Q
2 = v2QQ
2, (30)
where vQ is the approximate velocity of the mode
vQ = 4vF
√
gvgs
4
e2
2piκγ
K0(QR)I0(QR). (31)
Except in extremely short nanotubes with length not
so much different from circumference L, the velocity is
nearly constant because of logarithmically weak depen-
dence on Q. We have e2/2piκγ <∼ 0.2 and K0(QR)I0(QR)
> 1, and therefore vQ > vF. In clean wires satisfying
ωτ≫1, we have Qω=Q+iQ′, with
Q ≈ ω
vQ
, Q′ ≈ 1
2vQτ
=
1
2
vF
vQ
1
Λ
. (32)
In dirty wires ωτ≪1, on the other hand, we have
Qω ≈ 1√
2vQ
√
ω
τ
(1+i). (33)
Figure 2 shows some examples of Qω for tubes with
l/R=2pil/L=1500 (corresponding to a tube with length
l ≈ 1 µm and diameter 2R ≈ 1.36 nm of the so-called
(10,10) nanotube). We have used γ0=3.0 eV and κ0=2.5
corresponding to the bulk graphite.43 In this example,
we have roughly vQ ≈ 4vF. The velocity is larger than
the electron velocity in the graphene or in metallic car-
bon nanotubes, but is still much smaller than the light
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FIG. 2: Examples of calculated plasmon dispersion in a tube
with radius R/l=1/1500 for Λ/l = 0.02, 0.1, and 0.5, where
Λ is the mean free path. Solid and dotted lines show the
real and imaginary parts of Qω, respectively. The real part is
almost linear with the slope of vQ/vF ∼ 4 in the clean tube
Λ/l=0.5.
velocity c because vF ∼ c/300. This slow plasmon ve-
locity justifies the use of Poisson’s equation instead of
full Maxwell’s equation used for normal metal wires.
The above results become essentially the same as that
obtained in ref. 25 based on the so-called Leontovich-
Levin equation when we take the limit c→∞. Plasmon
modes have been theoretically studied in infinite one-
dimensional organic conductors44 and in semiconductor
quantum wires.45
In clean tubes satisfying condition cosh(Q′l/2) ≫
sinh(Q′l/2) and therefore cosh(Q′y/2)≫ | sinh(Q′y/2)|,
we have approximately
E(y) ≈ Eext
[
1− cos Qy
2
cosh
Q′y
2
×
(
cos
Ql
2
cosh
Q′l
2
−i sin Ql
2
sinh
Q′l
2
)
−1
]
,(34)
except in narrow regions of y for which cos(Qy/2) ≈ 0.
This exhibits a resonance behavior at Q=Qn with
Qn ≡ (2n+1)pi
l
(n=0, 1, · · · ). (35)
In fact, in the vicinity of Qn, we have
E(y) ≈ Eext(−1)n
(
cos
Q′l
2
)
−1
cos
Qy
2
cosh
Q′y
2
×
[ (Q−Qn)l
2
+i tanh
Q′l
2
]
−1
, (36)
showing that the imaginary part exhibits a resonant in-
crease at Qn following a Lorentzian form and the real
part a Lorentzian multiplied by Q−Qn. Therefore, the
absorption also exhibits a resonance proportional to
P ∝ NlE2ext
σ0
1 + (ωτ)2
(
cos
Q′l
2
)
−2
×
[ (Q−Qn)2l2
4
+tanh2
Q′l
2
]
−1
, (37)
with σ0 ≡ σ(0, 0) = gvgs(e2/pi~)Λ and total number N
of isolated nanotubes.
This resonance behavior decreases with the increase of
disorder or the decrease of mean free path Λ. The clear
resonance disappears when cosh(Q′l/2) ≈ sinh(Q′l/2),
i.e., Q′ ∼ pi/l. In the present example with vQ ∼ 4vF,
this condition becomes Λ/l ∼ 0.04. In the dirty limit,
the field remains small for small ω or Q (≈ Q′) until
condition Q ∼ Q′ ∼ pi/l is satisfied and then becomes
essentially the same as the external field except in the
vicinity of the edges. As a result, the absorption takes
a broad maximum around the corresponding frequency
and decays with ω following the real part of the dynam-
ical conductivity σ(ω).
III. NUMERICAL RESULTS
Figure 3 shows some examples of calculated absorption
intensity in the nanotube the same as shown in Fig. 2.
The mean free path is chosen to be Λ/l = 0.5 (clean),
0.1 (intermediate), and 0.02 (dirty) in these examples.
The solid lines show numerical results and the dotted
lines those obtained in the single-mode approximation
discussed in the previous section. The positions corre-
sponding to Q=Qn are denoted by thin vertical lines.
The main resonance with n=0 occurs almost exactly
at Q=Q0. For the higher-frequency resonance n=1, the
peak position is slightly shifted to the higher frequency
side. This shift becomes larger with the increase of n.
In the single-mode approximation, on the other hand,
the resonance occurs exactly at Qn. This shift is due to
the appearance of strongly localized electric field associ-
ated with induced charges at both ends of the nanotube.
Apart from this peak shift, the single-mode approxima-
tion works surprisingly well.
Figure 4 shows the electric field at the center, y = 0,
of the clean tube (Λ/l = 0.5) as a function of the fre-
quency. The real and imaginary parts exhibit the res-
onance behavior same as that discussed in the previous
section within the single-mode approximation. In fact,
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FIG. 3: The absorption in a nanotube with radius R/l =
1/1500 as a function of frequency. Λ/l = 0.5, 0.1, and 0.02.
The results in the single-mode approximation are shown by
dotted lines. Corresponding wave number Qω in an infinitely
long tube with Λ → ∞ is shown in the upper axis. Thin
vertical dashed lines indicates wave number Qn=pi(2n+1)/l.
the single-mode approximation has originally been ex-
pected to be sufficient for the behavior of the field in the
central part of the nanotube.
Figure 5 shows calculated electric-field distribution in
a clean tube with Λ/l=0.5. The dotted lines show the re-
sults in the single-mode approximation. The most note-
worthy feature is large electric field localized at both ends
of the nanotube. This is due to the significant accumu-
lation of induced charges at both ends of the tube. This
field decays rapidly away from the tube edge and ap-
proaches external field Eext outside the tube. Well inside
the tube, the field becomes approximately sinusoidal with
wave vector Q of the plasmon mode determined by the
frequency. In the low-frequency region corresponding to
Q smaller than Q0, the electric field is screened out in a
carbon nanotube by charges accumulated at both ends.
At resonances, both real and imaginary parts of the field
are considerably enhanced.
Difference between the exact numerical results and
those of the single-mode approximation becomes appar-
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FIG. 4: The real and imaginary parts of the electric field at
the center of the nanotube as a function of frequency. The
dotted lines represent those of the single-mode approximation.
ent in the vicinity of resonance n=2, i.e., Ql/pi=5. This
arises mainly due to the shift in the peak frequency in
the numerical result, not present in the single-mode ap-
proximation. For larger n, the field distribution is more
strongly affected by accumulated edge charges and extra
restoring force tends to enhance the resonance frequency
from that in the single-mode approximation.
Figure 6 shows calculated electric-field distribution in a
tube with Λ/l=0.1, for which Q′l∼1. In this case broad
resonance is recognized only in the imaginary part of the
electric field and deviation from the single-mode results is
less prominent. In a dirty tube with Λ/l=0.02 shown in
Fig. 7, the field distribution is almost independent of the
frequency except in the low frequency region where Q∼
Q′<∼pi/l, as has been discussed in the previous section
for the results in the single-mode approximation.
Figure 8 shows the details of field distribution (imagi-
nary part of E(y)) around the right end of the nanotube
for (a) Ql/pi=1 and (b) 5. Polarized charges appear at
the edge roughly in proportion to the conductivity and
therefore their amount decreases with the decrease of the
mean free path. A large electric field appears associated
6-1.0 -0.5 0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
0
100
200
Position (units of l)
El
ec
tri
c 
Fi
el
d 
(un
its
 of
 E
e
xt
)
1
2
3
4
5
Ql/pi
Λ/l=0.5
Real
Imaginary
 Exact
 Single Mode
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FIG. 6: Calculated electric field distribution in a wire with Λ/l = 0.1.
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FIG. 7: Calculated electric field distribution in a dirty wire with Λ/l = 0.02.
with these charges and decays slowly in proportion to
(y− 12 l)−2 outside of the nanotube. This outside field
does not contribute to the power absorption, however.
On the other hand, the electric field due to edge
charges rapidly decays inside the nanotube due to strong
screening effect and becomes negligible in the most region
of the nanotube where the absorption mainly takes place.
In fact, only small difference appears in the absorption
power given by the solid and dotted lines in Fig. 3. This
shows that the strong screening of the field due to polar-
ized edge charges is the main reason that the single-mode
approximation based on a plasmon mode in an infinitely
long nanotube has turned out to work surprisingly well
in spite of the presence of edges.
IV. DISCUSSION AND CONCLUSION
Carbon nanotubes used in experiments30 are usually
several micrometer long and therefore longer than the
mean free path limited by impurity and/or phonon scat-
tering at room temperature. Recent progress in exper-
iments has achieved short nanotubes with sub-micron
size.5–10 In such short nanotubes, discrete energy levels
are formed and the level spacing can exceed the broaden-
ing due to disorder. Then, we should seriously consider
effects of discrete energy levels to discuss optical absorp-
tion of finite-length nanotubes. This problem is out of
the scope of this paper and left for a future study.
When a nanotube is tilted from the direction of the ex-
ternal field, the field component parallel to the axis is ef-
fective in the absorption and the resonance frequency re-
mains unaffected. When many nanotubes are distributed
at random within a plain, the absorption intensity is re-
duced by factor 1/2 due to the average over directions.
Recently, a monotonic dependence on the direction is re-
ported in a mat of aligned nanotubes.46 For the field per-
pendicular to the axis, there is no significant absorption
in the relevant frequency range considered here.47–49 In
fact, the dynamical screening or the depolarization effect
due to induced charges should be considered11,12 and res-
onance absorption appears at much higher energies when
exciton effects are properly included in interband optical
transitions.15,16
In actual absorption experiments, a bundle of nan-
otubes may be used. When a bundle contains N metallic
nanotubes with same length, the Coulomb kernel given
by Eq. (5) is effectively multiplied by N . As a result,
the frequency and the velocity of excited plasmon mode
are multiplied by
√
N . Semiconducting nanotubes can
be contained in a bundle, but usually have very small
conductivity and irrelevant, although it is known that
carbon nanotubes tend to be naturally doped due to sur-
rounding particles such as oxygen.50
Usually, experiments are performed for a film where
the density of nanotubes is sufficiently small for the pur-
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FIG. 8: A close-up view of imaginary part of electric field
distribution around the right end of nanotubes for (a) Ql/pi=
1 and (b) 5.
pose of avoiding electrical contacts among them. In this
case, electric field induced by neighboring nanotubes can
be considered in a dipole approximation. The dipole
field decays as 1/r3 with the increase in distance r. In
film-like systems, this dipole field of distant nanotubes
does not give rise to significant contribution in con-
trast to three-dimensional systems. Effects of surround-
ing nanotubes were previously considered by numerically
solving Halle´n’s equation for infinite planar arrays of
nanotubes.26,27 The results showed that interaction be-
tween neighboring tubes causes broadening and shift of
resonances only when the distance becomes of the order
of the tube diameter. If an end of a nanotube touches
another nanotube, the absorption may be significantly
modified because of large charges accumulated at the
end. Such a situation should be avoided in experiments.
In general, a mini-gap opens around the Fermi energy
even in so-called metallic nanotubes for various reasons.
For example, the nonzero curvature causes a band gap
depending on the chirality,51 which can be understood
in terms of an effective Aharonov-Bohm flux within the
k·p scheme.52–54 A mechanical deformation causes band-
gap modification,55,56 which can also be understood in
terms of flux.53,57 The amount of the gap depends on
the chirality, radius, environment, etc., and is typically
smaller than room temperature. There have been some
reports suggesting the observation of broad absorption
due to inter-minigap transitions.32,33 Because this mini-
gap transition is in the same frequency region, detailed
study on the length dependence is required for the pur-
pose of identifying the absorption due to the finite-length
origin considered here.
In summary, we have calculated electric-field distribu-
tion and absorption intensity of a finite-length nanotube
in oscillating electric field. The results show that the
main resonance corresponding to excitation of the funda-
mental plasmon mode with wave vector Q0=pi/l is quite
robust except in very dirty tubes. For higher-frequency
resonances, the electric field associated with induced edge
charges starts to be mixed and tends to shift resonances
to higher frequencies. Overall resonance behaviors can
be reasonably well described by the single-mode approx-
imation in which effects of induced edge charges are com-
pletely neglected.
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9APPENDIX A: NONLOCAL CONDUCTIVITY
We start with a Boltzmann transport equation
∂fjk(y, t)
∂t
+ vjk
∂fjk(y, t)
∂y
− eE(y, t) 1
~
∂fjk(y, t)
∂k
= −
∑
j′k′
Wj′k′,jk[fjk(y, t)−fj′k′(y, t)], (A1)
where j denotes subbands, k the wave vector in the axis
(y) direction, E(y, t) is the applied electric field, vjk =
∂εjk/~∂k is the velocity, and Wj′k′,jk is the scattering
probability between states jk and j′k′. We write the
distribution function fjk as the sum of the equilibrium
distribution function f(εjk) and the deviation due to the
applied field gjk, i.e., fjk(y, t)= f(εjk)+gjk(y, t). In the
limit of a weak applied field, the above is approximated
by
∂gjk(y, t)
∂t
+ vjk
∂gjk(y, t)
∂y
+ evjkE(y, t)
(
− ∂f(εjk)
∂εjk
)
= −
∑
j′k′
Wj′k′,jk[gjk(y, t)−gj′k′(y, t)]. (A2)
Let
E(y, t) = E exp(−iωt+iqy). (A3)
Then, we can set
gjk(y, t) = gjk exp(−iωt+iqy), (A4)
and rewrite the transport equation as
[−iω+iqvjk]gjk + evjkE
(
− ∂f(εjk)
∂εjk
)
= −
∑
j′k′
Wj′k′,jk[gjk−gj′k′ ]. (A5)
The solution can be written as
gjk = g˜jk
(
− ∂f(εjk)
∂εjk
)
, (A6)
with
[−iω+iqvjk]g˜jk+evjkE = −
∑
j′k′
Wj′k′,jk[g˜jk−g˜j′k′ ]. (A7)
This constitutes a set of linear equations determining g˜jk
for each energy and therefore can be solved exactly. In
the following, however, we shall use a simplest relaxation-
time approximation, which become exact for a single
channel case.
The right hand side is approximated by
−
∑
j′k′
Wj′k′,jk[gjk(y, t)−gj′k′(y, t)] = − 1
τ(εjk)
gjk(y, t).
(A8)
Then, we immediately have
gjk = −
[
−iω+iqvjk+ 1
τ(εjk)
]
−1
evjkE
(
−∂f(εjk)
∂εjk
)
. (A9)
The induced current
j(q, ω) = gvgs
∑
jk
(−e)vjkgjk, (A10)
can be expressed in terms of the conductivity σ(q, ω) as
j(q, ω) = σ(q, ω)E, (A11)
with
σ(q, ω) =
∫ (
− ∂f(ε)
∂ε
)
σ(q, ω, ε)dε, (A12)
and
σ(q, ω, ε) = gvgs
∑
jk
[
− iω+iqvjk+ 1
τ(ε)
]
−1
e2v2jkδ(ε−εjk).
(A13)
Adding the contributions of positive and negative values
of k, we can rewrite the above as
σ(q, ω, ε) = gvgs
∑
jk>0
e2|vjk|2
[(
−iω+ 1
τ(ε)
)2
+q2|vjk|2
]
−1
×
[
−iω+ 1
τ(ε)
]
δ(ε−εjk). (A14)
We shall consider the energy region within the linear
band. Substituting the explicit expression vk= vF=γ/~
and εk=γk, we have
σ(q, ω, ε) = gvgs
e2γ
pi~2
[
−iω+1
τ
][(
−iω+1
τ
)2
+
γ2q2
~2
]
−1
,
(A15)
with τ=τ(ε) for simplicity.
The poles of the conductivity are given by
~ω = ±γq − i ~
τ
, (A16)
which corresponds to the subband dispersion in the limit
of τ→∞, as is expected. In the limit of small 1/τ and ω,
the denominator is a function of Dq2−iω as is expected,
where the diffusion constant is given by
D =
1
2
Λ2
τ
=
1
2
v2Fτ. (A17)
In the high-frequency limit ωτ≫1, on the other hand,
the cut-off wave vector qc, where the conductivity devi-
ates from the local conductivity σ(ω)≡σ(0, ω), becomes
vFqc≈ω or
qcL
2pi
≈ ~ω
(2piγ
L
)
−1
, (A18)
which should be much smaller than unity under the usual
conditions.
10
1 S. Iijima, Nature (London) 354 (1991) 56.
2 G.S. Duesberg, J. Muster, V. Krstic, M. Burghard, and S.
Roth, Appl. Phys. A 67 (1998) 117.
3 M. J. O’Connell, P. Boul, L. M. Ericson, C. Huffman, Y.
Wang, E. Haroz, C. Kuper, J. Tour, K. D. Ausman, and
R. E. Smalley, Chem. Phys. Lett. 342 (2001) 265.
4 J. Chen, M. J. Dyer and M.-F. Yu, J. Am. Chem. Soc. 123
(2001) 6201.
5 K. J. Ziegler, D. J. Schmidt, U. Rauwald, K. N. Shah, E.
L. Flor, R. H. Hauge, and R. E. Smalley, Nano Lett. 5
(2005) 2355.
6 K. J. Ziegler, Z. Gu, H. Peng, E. L. Flor, R. H. Hauge, and
R. E. Smalley, J. Am. Chem. Soc. 127 (2005) 1541.
7 K. Arnold, F. Hennrich, R. Krupke, S. Lebedkin, and M.
M. Kappes, phys. Stat. Sol. (b) 243 (2006) 3073.
8 F. Hennrich, R. Krupke, K. Arnold, J. A. Rojas Stu1tz, S.
Lebedkin, T. Koch, T. Schimmel, and M. M. Kappes, J.
Phys. Chem. B 111 (2007) 1932.
9 J. A. Fagan, M. L. Becker, J. Chun and E. K. Hobbie, Adv.
Mater. 20 (2008) 1609.
10 X.-M. Sun, S. Zaric, D. Daranciang, K. Welsher, Y. Lu,
X.-L. Li, and H. Dai, J. Am. Chem. Soc. 130 (2008) 6551.
11 H. Ajiki and T. Ando, Physica B 201 (1994) 349.
12 H. Ajiki and T. Ando, Jpn. J. Appl. Phys. Suppl. 34-1
(1995) 107.
13 T. Ando, J. Phys. Soc. Jpn. 66 (1997) 1066.
14 T. Ando, J. Phys. Soc. Jpn. 73 (2004) 3351.
15 S. Uryu and T. Ando, Phys. Rev. B 74 (2006) 155411.
16 S. Uryu and T. Ando, Phys. Rev. B 76 (2007) 115420.
17 T. Ando, J. Phys. Soc. Jpn. 71 (2002) 2505.
18 Y. Asada and T. Ando, J. Phys. Soc. Jpn. 75 (2006)
094711.
19 T. Ando and T. Nakanishi, J. Phys. Soc. Jpn. 67 (1998)
1704.
20 T. Ando, T. Nakanishi, and R. Saito, J. Phys. Soc. Jpn.
67 (1998) 2857.
21 T. Nakanishi and T. Ando, J. Phys. Soc. Jpn. 68 (1999)
561.
22 T. Ando and H. Suzuura, J. Phys. Soc. Jpn. 71 (2002)
2753.
23 G. Ya. Slepyan, S. A. Maksimenko, A. Lakhtakia, O. Yev-
tushenko, and A. V. Gusakov, Phys. Rev. B 60 (1999)
17136.
24 G. Ya. Slepyan, N. A. Krapivin, S. A. Maksimenko,
A. Lakhtakia and O. M.Yevtushenko, Int. J. Electron.
Commun. 55 (2001) 273.
25 G. Ya. Slepyan, M. V. Shuba, S. A. Maksimenko, and A.
Lakhtakia, Phys. Rev. B 73 (2006) 195416.
26 G. W. Hanson, IEEE Trans. Antennas Propagat. 53 (2005)
3426.
27 J. Hao and G. W. Hanson, Phys. Rev. B 74 (2006) 035119.
28 P. J. Burke, S. Li and Z. Yu, IEEE Trans. Nanotech. 5
(2006) 314
29 Y. Wang, K. Kempa. B. Kimball, and J. B. Carlson, Appl.
Phys. Lett. 85 (2004) 2607.
30 N. Akima, Y. Iwasa, S. Brown, A. M. Barbour, J. Cao,
J. L. Musfeldt, H. Matsui, N. Toyota, M. Shiraishi, H.
Shimoda, and O. Zhou, Adv. Materials 18 (2006) 1166.
31 A. Ugawa, A. G. Rinzler, and D. B. Tanner Phys. Rev. B
60 (1999) R11305.
32 M. E. Itkis, S. Niyogi, M. E. Meng, M. A. Hamon, H. Hu,
and R. C. Haddon, Nano Lett. 2 (2002) 155.
33 T. Kampfrath, K. von Volkmann, C. M. Aguirre, P. Des-
jardins, R. Martel, M. Krenz, C. Frischkorn, M. Wolf, and
L. Perfetti, Phys. Rev. Lett. 101 (2008) 267403.
34 A. Jorio, A. G. Souza Filho, V. W. Brar, A. K. Swan, M.
S. Unlu, B. B. Goldberg, A. Righi, J. H. Hafner, C. M.
Lieber, R. Saito, G. Dresselhaus, and M. S. Dresselhaus,
Phys. Rev. B 65 (2002) 121402.
35 M. S. Dresselhaus, Nature (London) 432 (2004) 959.
36 Y. Murakami, E. Einarsson, T. Edamura, and S.
Maruyama, Phys. Rev. Lett. 94 (2005) 087402.
37 L. Wang, P. S. Davids, A. Saxena, and A. R. Bishop, Phys.
Rev. B 46 (1992) 7175.
38 M.-F. Lin and K. W.-K. Shung, Phys. Rev. B 47 (1993)
6617.
39 M.-F. Lin and K. W.-K. Shung, Phys. Rev. B 48 (1993)
5567.
40 O. Sato, Y. Tanaka, M. Kobayashi, and A. Hasegawa,
Phys. Rev. B 48 (1993) 1947.
41 P. J. Lin-Chung and A. K. Rajagopal, Phys. Rev. B 49
(1994) 8454.
42 J. L. Gervasoni and N. R. Arista, Phys. Rev. B 68 (2003)
235302
43 E. A. Taft and H. R. Philipp, Phys. Rev. 138 (1965) A197.
44 P. F. Williams and A. N. Bloch, Phys. Rev. B 10 (1974)
1097.
45 S. Das Sarma and E. H. Hwang, Phys. Rev. B 54 (1996)
1936.
46 L. Ren, C. L. Pint, L. G. Booshehri, W. D. Rice, X.-F.
Wang, D. J. Hilton, K. Takeya, I. Kawayama, M. Tonouchi,
R. H. Hauge, and J. Kono, Nano Lett. 9 (2009) 2610.
47 L. X. Benedict, S. G. Louie, and M. L. Cohen, Phys. Rev.
B 52 (1995) 8541.
48 D. S. Novikov and L. S. Levitov, Phys. Rev. Lett. 96 (2006)
036402.
49 M. Yamamoto, M. Koshino, and T. Ando, J. Phys. Soc.
Jpn. 77 (2008) 084705.
50 S.-H. Jhi, S. G. Louie, and M. L. Cohen, Phys. Rev. Lett.
85 (2000) 1710.
51 N. Hamada, S. Sawada, and A. Oshiyama, Phys. Rev. Lett.
68 (1992) 1579.
52 T. Ando, J. Phys. Soc. Jpn. 69 (2000) 1757.
53 C. L. Kane and E. J. Mele, Phys. Rev. Lett. 78 (1997)
1932.
54 T. Ando, J. Phys. Soc. Jpn. 74 (2005) 777.
55 L. Yang, M. P. Anantram, J. Han, and J. P. Lu, Phys. Rev.
B 60 (1999) 13874.
56 L. Yang and J. Han, Phys. Rev. Lett. 85 (2000) 154.
57 H. Suzuura and T. Ando, Phys. Rev. B 65 (2002) 235412.
